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COUNTING HIGGS BUNDLES
SERGEY MOZGOVOY AND OLIVIER SCHIFFMANN†
Abstract. We prove a closed formula counting semistable twisted Higgs bundles of fixed rank
and degree over a smooth projective curve defined over a finite field. We also prove a formula for
the Donaldson-Thomas invariants of the moduli spaces of twisted Higgs bundles over a curve.
1. Introduction
The goal of this paper is to compute motivic invariants of the moduli spaces of twisted Higgs
bundles over a curve. Our approach is in part related to the approach of the second author [13]
where the case of usual Higgs bundles was considered, but it replaces the geometric deformation
argument (only available in the symplectic case, and in high enough characteristic) by an argument
involving the Hall algebra of the category of (possibly twisted) Higgs pairs, which works in all
characteristics.
Let D be a divisor of degree l over a smooth projective curve X of genus g over a field k.
A D-twisted Higgs bundle over X is a pair (E, θ), where E is a vector bundle over X and θ ∈
Hom(E,E(D)). A usual Higgs bundle is obtained when D = K, the canonical divisor of X .
One can define the notion of semistability for these pairs and one can construct the moduli stack
MD(r, d) of semistable D-twisted Higgs bundles over X of rank r and degree d. For D = K,
it was conjectured by Hausel and Thaddeus [8, Conj.3.2] that motivic invariants [MD(r, d)] are
independent of d if r and d are coprime. A conjectural formula for these invariants for D = K was
proposed by Hausel and Rodriguez-Villegas [8, Conj.5.6] and for arbitrary D with degD ≥ 2g− 2
by the first author [11] (see also [3]). In the case of D = K this conjecture was verified for low ranks
[5, 6] and for the y-genus specialization [4]. Some very interesting results for coprime r and d were
also obtained in [1, 2]. There is a slightly more general conjecture about the Donaldson-Thomas
invariants of twisted Higgs bundles. We will denote by q the motive [A1], called the Lefschetz
motive (if we are working over a finite field then q denotes the number of elements of this field).
Conjecture 1.1. Let HD(r, d) = (−q
1
2 )−lr
2
[MD(r, d)] and let the Donaldson-Thomas invariants
ΩD(r, d) be defined by
(1)
∑
d/r=τ
HD(r, d)w
rzd = Exp
(∑
d/r=τ ΩD(r, d)w
rzd
q − 1
)
, τ ∈ R.
Then ΩD(r, d) are independent of d (d is not necessarily coprime to r here) and are given by the
formula in [11, Conj.3].
It is clear that if r, d are coprime then ΩD(r, d) = (q− 1)HD(r, d). It was proved in [13, Th.1.5]
that if D = K and r, d are coprime then (q − 1)HK(r, d) = qA(r, d), the number of absolutely
indecomposable vector bundles over X of rank r and degree d. We will see in Cor. 4.5 that
generally
ΩK(r, d) = qA(r, d) ∀r, d.
This result is not surprising as a similar statement for quiver representations was proved earlier
by the first author [10].
In this paper we will not prove the above conjecture, even the independence of ΩD(r, d) of d,
but we will give an explicit formula for these invariants. Let A>τ be the category of coherent
sheaves over X such that their HN-factors have slopes > τ . Let A>τD be the category of D-twisted
† partially supported by ANR grant 13-BS01-0001-01.
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Higgs sheaves (E, θ) with E ∈ A>τ . The categories A≥τ ,A≥τD are defined in an analogous fashion.
We can define the notion of semistability for the objects in this category and we can construct the
moduli stacks M>τD (r, d) of semistable bundles. From now on we will use the index + instead of
≥ 0 and write A+ instead of A≥0 and so on. Note that M+D(r, d) is not a substack of MD(r, d),
as not all objects in M+D(r, d) are semistable in the usual sense. However, we will show that if
d >
(
r
2
)
l then M+D(r, d) =MD(r, d).
As MD(r, d) ≃ MD(r, d + r), it is enough to compute invariants M
+
D(r, d) in order to deter-
mine all invariants MD(r, d). It may seem that the above truncation makes things even more
complicated. But this is the only way to make all our counts finite and to be able to apply the
standard machinery of wall-crossing (going back to Harder and Narasimhan) to count semistable
objects. More precisely, we will prove the following result (we assume that k is a finite field)
Theorem 1.2. Let A+vec(r, d) denote the set of isomorphism classes of vector bundles E ∈ A
+
with chE = (r, d) and let
I
+
D(r, d) = (−q
1
2 )−lr
2
∑
E∈A+vec(r,d)
[Hom(E,E(D))]
[AutE]
,(2)
∑
r,d
I
+
D(r, d)w
rzd = Exp
(∑
r,dΩ
+
D(r, d)w
rzd
q − 1
)
,(3)
∑
d/r=τ
H
+
D(r, d)w
rzd = Exp
(∑
d/r=τ Ω
+
D(r, d)w
rzd
q − 1
)
∀τ > 0.(4)
If l = degD ≥ 2g − 2 then
H
+
D(r, d) = (−q
1
2 )−lr
2
[M+D(r, d)].
If moreover d >
(
r
2
)
l then
HD(r, d) = H
+
D(r, d), ΩD(r, d) = Ω
+
D(r, d).
This result implies that, for degD ≥ 2g − 2, in order to determine the invariants HD(r, d) we
need to compute invariants H+D(r, d). Denote by I
+
D,nil(r, d) analogues of I
+
D(r, d) that count only
θ ∈ Hom(E,E(D)) that are nilpotent (see section 5). Similarly, we define invariants H+D,nil(r, d)
and Ω+D,nil(r, d).
The computation of ΩD(r, d) for degD ≥ 2g − 2 may be reduced to the nilpotent case via the
following result :
Theorem 1.3. We have
(1) Ω+D(r, d) = Ω
+
K−D,nil(r, d) if degD > 2g − 2.
(2) Ω+K(r, d) = qΩ
+
0,nil(r, d).
The first statement of this theorem is proved in Corollary 3.5 (cf. [1, Cor.5.2.3]). It is based on
a simple observation (see Prop. 3.4) that
I
+
D(r, d) = I
+
K−D(r, d)
and the fact that all elements of Hom(E,E(K −D)) are nilpotent if degD > 2g − 2. The second
statement of this theorem is proved in Corollary 4.4. It was proved in [1, Cor.6.1.2] and [13, Th.1.5
and Prop.2.1] for coprime r and d.
Using techniques of [13], we will compute the invariants I+D,nil(r, d) for any divisor D with
degD ≤ 0 – and hence the invariants [MD(r, d)] for any divisor D with degD ≥ 2g − 2. In order
to state our result, we need to introduce new notation.
Let
ZX(z) =
∑
d≥0
[SdX ]zd, Z˜X(z) = z
1−gZX(z)
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denote the zeta function of X and its renormalization. For a partition λ = (1r1 , 2r2, . . . , trt), we
set
Jλ(z) =
∏
s∈λ
Z∗X(q
−1−l(s)za(s))
where a(s) and l(s) are respectively the arm and the leg lengths of s ∈ λ [9, VI.6.14] and
Z∗X(q
−1z) =
{
ZX(q
−1z) if z 6= 1, q,
Resz=1 ZX(q
−1z) = q1−g [Pic
0(X)]
q−1 if z = 1.
Next, write n = l(λ) =
∑
i ri,
r<i =
∑
k<i
rk, r>i =
∑
k>i
rk, r[i,j] =
j∑
k=i
rk
and consider the rational function
L(zn, . . . , z1) =
1∏
i<j Z˜X
(
zi
zj
) ∑
σ∈Sn
σ
∏
i<j
Z˜X
(
zi
zj
)
·
1∏
i<n
(
1− q zi+1zi
) · 1
1− z1
 .
Denote by Resλ the operator of taking the iterated residue along
zn
zn−1
=
zn−1
zn−2
= · · · =
z2+r<t
z1+r<t
= q−1
...
...
...
zr1
zr1−1
=
zr1−1
zr1−2
= · · · =
z2
z1
= q−1.
Put
H˜λ(z1+r<t , . . . , z1+r<i , . . . , z1) = Resλ
L(zn, . . . , z1) n∏
j=1
j 6∈{r≤i}
dzj
zj

and finally
Hλ(z) = H˜λ(z
tq−r<t , . . . , ziq−r<i , . . . , z).
Note that if ri = 0 for some i then the function H˜λ is independent of its ith argument.
Theorem 1.4. Let D be a divisor on X of degree l ≤ 0. Then
(5)
∑
r,d
I
+
D,nil(r, d)w
rzd =
∑
λ
(−q
1
2 )(2g−2−l)〈λ,λ〉Jλ(z)Hλ(z)w
|λ|,
where 〈λ, λ〉 =
∑
i≥1 λ
′
iλ
′
i and λ
′ is a partition conjugate to λ.
The above theorem is proved in section 5.
2. Twisted Higgs bundles
Let X be a curve of genus g over a field k and let D be a divisor over X of degree l. A D-
twisted Higgs bundle is a pair E = (E, θ), where E is vector bundle overX and θ ∈ Hom(E,E(D)).
Similarly, we define a D-twisted Higgs sheaf to be a pair E = (E, θ), where E is a coherent sheaf
over X and θ ∈ Hom(E,E(D)). Let AD denote the category of D-twisted Higgs sheaves.
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2.1. Homological properties. The category AD is an abelian category of homological dimen-
sion 2. More precisely, we have
Theorem 2.1 (Gothen-King [7]). Given E = (E, θ), F = (F, θ′) in AD, there is a long exact
sequence
0→ Hom(E,F )→ Hom(E,F )→ Hom(E,F (D))
→ Ext1(E,F )→ Ext1(E,F )→ Ext1(E,F (D))→ Ext2(E,F )→ 0.
Corollary 2.2. For any E,F ∈ AD, we have
(1) χ(E,F ) = χ(E,F )− χ(E,F (D)) = −l rkE rkF .
(2) χ(E,F ) = χ(F ,E).
Applying Serre duality for coherent sheaves, we obtain the following form of Serre duality for
Higgs bundles.
Corollary 2.3. For any E,F ∈ AD, we have
Exti(E,F ) ≃ Ext2−i(F ,E(K −D))∗.
We define semistable objects in AD using the slope function
µ(E) =
degE
rkE
.
Corollary 2.4. Assume that degD ≥ 2g − 2 and E,F ∈ AD are semistable objects such that
µ(E) < µ(F ). Then Ext2(E,F ) = 0.
Proof. By our assumption deg(K −D) ≤ 0. Therefore
µ(E(K −D)) ≤ µ(E) < µ(F ).
By the semistability of E(K −D) and F we conclude that
Hom(F ,E(K −D)) = 0.
This implies that Ext2(E,F ) = 0. 
2.2. Hall algebra and quantum torus. Let A be an abelian category over a finite field and H
be its Hall algebra. Let Γ be a lattice equipped with a skew-symmetric form 〈−,−〉 and with a
group homomorphism cl : K0(A)→ Γ such that
χ(E,F )− χ(F,E) = 〈clE, clF 〉 , E, F ∈ A.
The algebra T = Q(q
1
2 )[Γ] equipped with a product
eα ◦ eβ = (−q
1
2 )〈α,β〉eα+β , α, β ∈ Γ
is called the quantum affine torus. Both H and T are graded by the lattice K0(A). We will
occasionally consider their completions∏
α∈K0(A)
H[α],
∏
α∈K0(A)
T[α]
which we still denote by H and T respectively for simplicity. We will denote completions of H and
T by the same letters. One defines the integration map
(6) I : H → T, [E] 7→ (−q
1
2 )χ(E,E)
eclE
|AutE|
It is a ring homomorphism if A has homological dimension one [12]. Generally it satisfies
I([E] ◦ [F ]) = I(E) ◦ I(F )
if Extk(F,E) = 0 for k ≥ 2. This explains the significance of Cor. 2.4.
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2.3. Invariants. Let us assume that the curve X is defined over a finite field k. We will denote
the Hall algebra of AD by HD. Define
cl : K0(AD)→ Z
2, (E, θ) 7→ (rkE, degE).
As χ(E,F ) = χ(F ,E) for any E,F ∈ AD, we equip Z
2 with a trivial skew-symmetric form.
Therefore the quantum torus T = Q(q
1
2 )
[
Z2
]
is commutative. As in the previous section, there is
an integration map
I : HD → T, [E] 7→ (−q
1
2 )χ(E,E)
eclE∣∣AutE∣∣ .
We will use variables
w = e(1,0), z = e(0,1).
Let MD(r, d) be the set of isomorphism classes of semistable E ∈ AD with clE = (r, d). Note
that if (E, θ) is semistable and has positive rank then E is a vector bundle. Define
1
ss
r,d =
∑
E∈MD(r,d)
[E] ∈ HD, HD(r, d)w
rzd = I
(
1
ss
r,d
)
.
Then
HD(r, d) =
∑
E∈MD(r,d)
(−q
1
2 )χ(E,E)
1∣∣AutE∣∣ = (−q 12 )−lr2 ∑
E∈MD(r,d)
1∣∣AutE∣∣ .
Note that HD(r, d) = HD(r, d+ r).
We define the DT invariants ΩD(r, d) of the twisted Higgs bundles by the formula
∑
d/r=τ
HD(r, d)w
rzd = Exp
 ∑
d/r=τ
ΩD(r, d)
q − 1
wrzd
 , τ ∈ R.
Comparing equations for τ and τ + 1, we obtain that Ω(r, d) = Ω(r, d + r). Various tests justify
the conjecture that Ω(r, d) are independent of d (cf. [3, Conj.1.9]). Note that if r, d are coprime
then
HD(r, d) =
ΩD(r, d)
q − 1
and here the independence of d, in the case of D = KX , was conjectured by Hausel and Thaddeus
[8, Conj.3.2].
3. Positive Higgs bundles
Let X be a curve as before and let A = CohX be the category of coherent sheaves over X .
We define the notion of semistability on A using the slope function µ(F ) = degF/ rkF . For any
F ∈ A, there exists a unique filtration
0 = F0 ⊂ F1 ⊂ . . . ⊂ Fk = F
such that Gi = Fi/Fi−1 are semistable and
µ(G1) > · · · > µ(Gk).
This filtration is called the Harder-Narasimhan filtration of F . We define the spectrum σ(F ) ⊂
R ∪ {∞} of F to be the set of all µ(Gi). Given τ ∈ R, we define the subcategories
A>τ = {F ∈ A | inf σ(F ) > τ} , A<τ = {F ∈ A | supσ(F ) < τ} .
There is a torsion pair (A>τ ,A≤τ ) of A with A>τ being a torsion part. Therefore A>τ is closed
under taking extensions and quotients in A. Similarly there is a torsion pair (A≥τ ,A>τ ) with
A≥τ being a torsion part. We define the subcategory A>τD ⊂ AD to be the category of objects
(E, θ) ∈ AD such that E ∈ A
>τ . We can define the notion of semistability on the category A>τD
using the same slope function as for AD. Let A
+ = A≥0 and A+D = A
≥0
D . The objects of A
+ are
called positive sheaves. In the next statements we assume that l = degD ≥ 0.
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Lemma 3.1. Assume that E ∈ A and σ(E) has a gap of length > l. Then there are no semistable
pairs (E, θ) ∈ AD.
Proof. Let a < b be the boundary points of the gap in σ(E) of length > l. Then there exists an
exact sequence
0→ E′ → E → E′′ → 0,
where E′ ∈ A≥b and E′′ ∈ A≤a. This implies that
E′′(D) ∈ A≤a+l ⊂ A<b
and therefore Hom(E′, E′′(D)) = 0. If (E, θ) ∈ AD, then θ(E
′) ⊂ E′(D) and therefore (E′, θ) is
a destabilizing subobject of (E, θ). 
Lemma 3.2. Assume that E is a vector bundle of rank r and degree >
(
r
2
)
l and there exists a
semistable pair (E, θ) ∈ AD. Then E ∈ A
>0.
Proof. Let a1 < · · · < ak be the elements of σ(E) and (r1, . . . , rk) be the ranks of the corresponding
factors. By the previous result ai − ai−1 ≤ l and therefore ai ≤ a1 + (i− 1)l and
(r − 1)l
2
< µ(E) =
∑
airi
r
≤
∑k
i=1(a1 + (i − 1)l)ri
r
≤
k
r
a1 +
(r − 1)l
2
which implies a1 > 0 and E ∈ A
>0. We used here the fact that if
∑k
i=1 ri = r, then
k∑
i=1
(i− 1)ri ≤
(
r
2
)
.
Indeed, by induction
k∑
i=1
(i− 1)ri ≤ max
1≤r1≤r
((
r − r1
2
)
+ (r − r1)
)
= max
1≤r1≤r
(
r − r1 + 1
2
)
=
(
r
2
)
.

Corollary 3.3. Let E be a vector bundle of rank r and degree >
(
r
2
)
l. Then a pair (E, θ) ∈ AD
is semistable if and only if it is semistable as an object of A>0D (or A
≥0
D ).
Proof. If (E, θ) ∈ AD is semistable then E ∈ A
>0 by Lemma 3.2. It is clear that (E, θ) is
semistable with respect to A>0D .
Conversely, assume that (E, θ) is semistable as an object of A>0D . If (E, θ) is not semistable as
an object of AD, then it has a semistable destabilizing subobject (F, θ
′) of rank r′ < r. Then
µ(F ) > µ(E) >
r − 1
2
l ≥
r′ − 1
2
l.
By the previous result F ∈ A>0 and therefore (F, θ′) is a destabilizing subobject of (E, θ) in A>0D .
This contradicts to the semistability of (E, θ) in A>0D . The proof for A
≥0
D is analogous. 
3.1. Comparison of invariants.
Proof of Theorem 1.2. Recall from section 2.3 that there is an integration map
I : HD → T,
where HD is the (completed) Hall algebra of AD and T is the corresponding (completed) quantum
torus. Let 1+,vecr,d ∈ HD be the sum over the objects (E, θ) of A
+
D(r, d) such that E is a vector
bundle. Let 1+,ssr,d ∈ HD be the sum over the semistable objects (E, θ) of A
+
D(r, d) (if r > 0 then
E is a vector bundle). Then by uniqueness of Harder-Narasimhan filtrations, we have
∑
r,d
1
+,vec
r,d =
∏
τ↓
 ∑
d/r=τ
1
+,ss
r,d
 ,
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where the product is taken in the decreasing order of τ ∈ [0,+∞). If degD ≥ 2g − 2 then, by
Cor. 2.4, the integration map preserves the product on the right. If we define
H
′
D(r, d) = (−q
1
2 )−r
2l[M+D(r, d)],
then, applying the integration map, we obtain
∑
r,d
I
+
D(r, d)w
rzd =
∏
τ
 ∑
d/r=τ
H
′
D(r, d)w
rzd
 .
Note that the product on the right is not ordered anymore as the quantum torus is commutative
by §2.3. Using the formula (3) and comparing the slopes, we obtain
∑
d/r=τ
H
′
D(r, d)w
rzd = Exp
(∑
d/r=τ Ω
+
D(r, d)w
rzd
q − 1
)
∀τ > 0.
This implies that H′D(r, d) = H
+
D(r, d).
Applying Cor. 3.3, we see that for d >
(
r
2
)
l, we have
HD(r, d) = H
′
D(r, d) = H
+
D(r, d).
To prove that ΩD(r, d) = Ω
+
D(r, d) for d >
(
r
2
)
l, we compare the formulas (1) and (4). We note
that if d >
(
r
2
)
l and if (r, d) = (kr′, kd′), for some k ≥ 1, then
kd′ >
kr′(kr′ − 1)
2
l ≥
k2r′(r′ − 1)
2
l ≥ k
(
r′
2
)
l
and therefore d′ >
(
r′
2
)
l. This implies that HD(r
′, d′) = H+D(r
′, d′) and we conclude that ΩD(r, d) =
Ω+D(r, d). 
Proposition 3.4. We have
Ω+D(r, d) = Ω
+
K−D(r, d).
Proof. Let hi(E,F ) = dimExti(E,F ). If E is a vector bundle of rank r then
h0(E,E(D)) = χ(E,E(D)) + h0(E,E(K −D)) = r2(1− g + l) + h0(E,E(K −D)).
Therefore
−
1
2
r2l + h0(E,E(D)) = −
1
2
r2 deg(K −D) + h0(E,E(K −D)).
This implies that I+D(r, d) = I
+
K−D(r, d). By the definition of Ω
+
D(r, d), we conclude that also
Ω+D(r, d) = Ω
+
K−D(r, d). 
Corollary 3.5. If degD > 2g − 2 then
Ω+D(r, d) = Ω
+
K−D,nil(r, d).
Proof. As deg(K −D) < 0, all morphisms in Hom(E,E(K −D)) are nilpotent. This implies that
I
+
K−D(r, d) = I
+
K−D,nil(r, d). Therefore also Ω
+
K−D(r, d) = Ω
+
K−D,nil(r, d) and we conclude that
Ω+D(r, d) = Ω
+
K−D(r, d) = Ω
+
K−D,nil(r, d). 
In the next section we will prove a similar relation between Ω+K(r, d) and Ω
+
0,nil(r, d).
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4. Indecomposable positive bundles
The next two results are analogues of Lemmas 3.1 and 3.2. See also [13, Prop.2.5].
Lemma 4.1. Let E be an indecomposable vector bundle over X. Then σ(E) does not have gaps
of length > 2g − 2.
Proof. Let a < b be the boundary points of the gap in σ(E) of length > 2g− 2. Then there exists
an exact sequence
0→ E′ → E → E′′ → 0,
where E′ ∈ A≥b and E′′ ∈ A≤a. This implies that
E′′(K) ∈ A≤a+2g−2 ⊂ A<b
and therefore Ext1(E′′, E′) ≃ Hom(E′, E′′(K))∗ = 0. We conclude that the above sequence splits
and E is not indecomposable. 
Corollary 4.2. Assume that E is an indecomposable vector bundle of rank r and degree
>
(
r
2
)
(2g − 2). Then E ∈ A>0.
Proof. The proof is analogous to the proof of Lemma 3.2. 
Let A+(r, d) denote the number of positive (that is, contained in A≥0) absolutely indecompos-
able vector bundles of rank r and degree d. The first formula of the next result was proved by
the first author [10] in the case of quiver representations. The second formula was proved by the
second author [13]. We give a unified approach based on [10].
Theorem 4.3. We have ∑
r,d
I
+
K(r, d)w
rzd = Exp
(∑
r,d A
+(r, d)wrzd
1− q−1
)
,(7)
∑
r,d
I
+
0,nil(r, d)w
rzd = Exp
(∑
r,d A
+(r, d)wrzd
q − 1
)
.(8)
Proof. To prove the first equation we apply the same approach as in [10, Theorem 5.1]. Let
A+(r, d) denote the stack of positive vector bundles having rank r and degree d and let A+K(r, d)
denote the stack of positive Higgs bundles. Then the forgetful map
A+K(r, d)→ A
+(r, d)
has a fiber over E ∈ A+(r, d) that equals to
Hom(E,E ⊗K) ≃ Ext1(E,E)∗.
If E =
⊕
Enii is a decomposition ofE into the sum of indecomposable objects then the contribution
of E to [A+D(r, d)] is equal to (see [10, Theorem 2.1])
[Hom(E,E ⊗K)]
[AutE]
=
[Ext1(E,E)]
[End(E)]
∏
i(q
−1)ni
=
q−χ(E,E)∏
i(q
−1)ni
,
where (q)n = (1 − q) . . . (1 − q
n). Note that χ(E,E) = r2(1 − g). We conclude from the proof of
[10, Theorem 5.1] that∑
r,d
I
+
K(r, d)e
(r,d) =
∑
r,d
qr
2(1−g)[A+K(r, d)]e
(r,d)
=
∑
n:Ind→N
∏
E∈Ind
en(E) chE
(q−1)n(E)
= Exp
(∑
A
+(r, d)e(r,d)
1− q−1
)
.
The proof of the second formula goes through the same lines. Let A+0,nil(r, d) be the stack of
nilpotent endomoprhisms and consider the forgetful map
A+0,nil(r, d)→ A
+(r, d).
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If E =
⊕
Enii is decomposed as before then the contribution of E in [A
+
0,nil(r, d)] is equal to [13,
Cor.2.4]
[Homnil(E,E)]
[AutE]
=
∏ q−ni
(q−1)ni
.
Applying again the proof of [10, Theorem 5.1] we conclude that∑
r,d
I
+
0,nil(r, d)e
(r,d) =
∑
r,d
[A+0,nil(r, d)]e
(r,d)
=
∑
n:Ind→N
∏
E∈Ind
q−n(E)en(E) chE
(q−1)n(E)
= Exp
(∑
q−1A+(r, d)e(r,d)
1− q−1
)
.

Corollary 4.4. We have
Ω+K(r, d) = qΩ
+
0,nil(r, d) = qA
+(r, d).
Corollary 4.5. We have
ΩK(r, d) = qA(r, d).
Proof. If d >
(
r
2
)
(2g − 2) then ΩK(r, d) = Ω
+
K(r, d), A(r, d) = A
+(r, d) and we can apply the
previous result. For arbitrary r, d we note that ΩK(r, d) = ΩK(r, d+r) and A(r, d) = A(r, d+r). 
5. Counting nilpotent pairs
Let F be a coherent sheaf over X and let θ ∈ Hom(F, F (D)). For any k ≥ 1, let θk be the
composition
F → F (D)→ F (2D)→ · · · → F (kD)
and let Fk = im θ
k(−kD) ⊂ F . We assume that θ is nilpotent, that is, θs = 0 for some s ≥ 1.
Then there is a chain of inclusions
F = F0 ←֓ F1 ←֓ . . . ←֓ Fs = 0
and a chain of epimorphims
F = F0 ։ F1(D)։ . . .։ Fs(sD) = 0.
Define
F ′k = ker
(
Fk
θ
−→ Fk+1(D)
)
, F ′′k = coker (Fk+1 →֒ Fk) .
Then we have chains of monomorphims (resp. epimorphisms)
(9) F ′0 ←֓ F
′
1 ←֓ . . . ←֓ F
′
s = 0,
(10) F ′′0 ։ F
′′
1 (D)։ . . .։ F
′′
s (sD) = 0.
The ranks and degrees of F, F ′′k , F
′′
k are related in the following fashion. Let us put
αk = chF
′′
k−1((k − 1)D)− chF
′′
k (kD), k = 1, . . . , s
and write αk = (rk, dk). Then
chF ′′k (kD) =
∑
i>k
αi, chF
′′
k =
∑
i>k
αi(−kl),
where for α = (r, d) and n ∈ Z, we define α(n) = (r, d+ nr). Therefore
chFk =
∑
i>k
αi(−kl) + chFk+1, rkFk =
∑
i>k
(i− k)ri,
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and
chF ′k = chFk − chFk+1 − (0, l · rkFk+1)
=
∑
i>k
αi(−kl)−
∑
i>k+1
(0, l(i− k − 1)ri)
=
∑
i>k
(ri, di − l(i− 1)ri) =
∑
i>k
αi((1 − i)l).
Let now α = (α1, . . . , αs) be any tuple of vectors in Z
2. Let us denote by Filt(α) the stack of
chains of epimorphisms of coherent sheaves
H0 ։ H1 ։ . . .։ Hs = 0
such that αk = ch ker(Hk−1 → Hk). Let NilD(α) (resp. Nil(α)
+) be the stack of pairs (F, θ) ∈
AD, (resp. pairs (F, θ) ∈ A
+
D) such that the sequence (10) is in Filt(α). We also set
ri = rkαi, λ(α) = (1
r1 , 2r2 , . . .), r = |λ(α)| =
∑
i
iri.
Proposition 5.1. The volume of every fiber of the map of stacks
NilD(α)→ Filt(α), (F, θ) 7→ [F
′′
0 → F
′′
1 (D)→ · · · → F
′′
s (sd)],
is equal to ∏
k≥0
q−χ(F
′′
k ,F
′
k+1).
Proof. To reconstruct (F, θ) we inductively build a diagram
(11)
0 Fk+1 Fk F
′′
k 0
0 Fk+2(D) Fk+1(D) F
′′
k+1(D) 0
E ′ E E ′′
θ θ
for k = s−1, . . . , 1, 0. Let us denote the columns of the diagram by E ′, E , E ′′. They are objects of the
category of triples E = (E0, E1, θ), where E0, E1 are coherent sheaves overX and θ ∈ Hom(E0, E1).
The above diagram can be interpreted as an exact sequence
0→ E ′ → E → E ′′ → 0.
in the category of triples. Applying the result of Gothen ang King [7], we obtain the following
exact sequence
0→ Hom(E ′′, E ′)→
⊕
i=0,1
Hom(E′′i , E
′
i)→ Hom(E
′′
0 , E
′
1)→
→ Ext1(E ′′, E ′)→
⊕
i=0,1
Ext1(E′′i , E
′
i)→ Ext
1(E′′0 , E
′
1)→ Ext
2(E ′′, E ′)→ 0.
Note that Ext2(E ′′, E ′) = 0 as the map
(12) Ext1(E′′0 , E
′
0)→ Ext
1(E′′0 , E
′
1)
is surjective by surjectivity of E′0 → E
′
1. We are given already an element of Ext
1(E′′1 , E
′
1) and
the possible lifts to Ext1(E ′′, E ′) are parametrized by the kernel of (12). Similarly to [12, Lemma
3.3] or [5, Cor.3.2] we conclude that the space of possible lifts has dimension
−χ(E ′′, E ′) + χ(E′′1 , E
′
1) = χ(E
′′
0 , E
′
1)− χ(E
′′
0 , E
′
0) = −χ(F
′′
k , F
′
k+1).

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A direct computation yields
−ρl(α) : =
∑
k≥0
χ(F ′′k , F
′
k+1)
=
∑
k≥0
∑
i>k
∑
j>k+1
χ(αi(−kl), αj(1− j)l)
=
∑
k≥0
∑
i>k
∑
j>k+1
(χ(αi, αj) + rirj(1 + k − j)l)
=
∑
i≥j>1
(
(j − 1)χ(αi, αj)−
(
j
2
)
rirj l
)
+
∑
j>i>0
(
iχ(αi, αj) +
((
i
2
)
− i(j − 1)
)
rirj l
)
=
∑
i<j
(iχ(αi, αj) + (i− 1)χ(αj , αi)− i(j − 1)rirj l) +
∑
i
(
(i− 1)χ(αi, αi)−
(
i
2
)
r2i l
)
.
Note that for l = 0 this formula is equivalent to [13, Prop.3.1, iii]. Furthermore,
(13) ρl(α) = ρ0(α) +
l
2
(∑
i
iri
)2
−
l
2
∑
k≥1
∑
i≥k
ri
2 = ρ0(α) + l
2
r2 −
l
2
〈λ(α), λ(α)〉 .
Let Filt+(α) be the substack of Filt(α) consisting of epimorphisms of coherent sheaves
H0 ։ H1 ։ . . .։ Hs = 0
for which H0 ∈ A
+. Similarly, let Nil+D(α) be the substack of NilD(α) corresponding to pairs
(F, θ) for which F ∈ A+.
Lemma 5.2. Assume that deg(D) ≤ 0. Then the following diagram is cartesian :
Nil
+
D(α) NilD(α)
Filt+(α) Filt(α)
Proof. The statement of the lemma amounts to the following observations. Let (F, θ) be an object
of NilD(α), and let F
′′
k be defined as above. If F ∈ A
+ then F ′′0 ∈ A
+. Conversely, if F ′′0 ∈ A
+,
then F ′′k (kD) ∈ A
+ and therefore F ′′k ∈ A
+, which in turn implies that F ∈ A+. 
Let I+,cohD,nil (α) be an analogue of I
+
D(α) counting pairs (E, θ), where E ∈ A
+ is a coherent sheaf
with chE = α and θ ∈ Hom(E,E(D)) is nilpotent.
Theorem 5.3. We have
(14)
∑
r,d
I
+,coh
D,nil (r, d)w
rzd =
∑
λ
(−q
1
2 )(2g−2−l)〈λ,λ〉Jλ(z)Hλ(z)w
|λ| · Exp
(
[X ]
q − 1
·
z
1− z
)
.
Proof. Let J(r, d) stand for the set of all tuples α = (α1, . . . , αs) such that
∑
iαi = (r, d) and
αs 6= 0, and let Jgen(r) stand for the set of all sequences r = (r1, . . . , rt) such that
∑
i iri = r and
rt ≥ 1. There is a natural map π : J(r, d) → Jgen(r) which assigns to a tuple (α1, . . . , αs) the
sequence (rkα1, . . . , rkαs) in which all the last zero entries have been removed. Let us set
I
+,coh
D,nil (α) = (−q
1
2 )−lr
2
[Nil+D(α)]
so that, by (13)
I
+,coh
D,nil (r, d) =
∑
α∈J(r,d)
I
+,coh
D,nil (α) = (−q
1
2 )−lr
2
∑
α∈J(r,d)
qρ0(α)+
l
2
r2− l
2
〈λ(α),λ(α)〉[Filt+(α)].
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Let us fix some r = (r1, . . . , rt) ∈ Jgen(r) and put λ = (1
r1 , 2r2 , . . . , trt). Using [13, Sec.5.6] we
have ∑
α∈pi−1(r)
I
+,coh
D,nil (α)z
∑
i
i degαi = (−q
1
2 )−l〈λ,λ〉
∑
α∈pi−1(r)
qρ0(α)[Filt+(α)]z
∑
i
idegαi
= (−q
1
2 )−l〈λ,λ〉q(g−1)〈λ,λ〉Jλ(z)Hλ(z) · Exp
(
[X ]
q − 1
·
z
1− z
)
Summing over r ∈ Jgen(r) and over all r, we obtain formula (14). 
Proof of Theorem 1.4. Let F ∈ A+ be a coherent sheaf, and F = V ⊕ T be a decomposition as a
direct sum of a vector bundle V and a torsion sheaf T . Observe that V and T belong to A+. We
have
Hom(F, F (D)) = Hom(V, V (D)) ⊕Hom(T, T (D))⊕Hom(V, T (D))
and θ ∈ Hom(F, F (D)) is nilpotent if and only if its projections to Hom(V, V (D)) and Hom(T, T (D))
are. On the other hand there is a canonical exact sequence
1→ Hom(V, T )→ AutF → AutV ×AutT → 1.
We deduce that ∣∣∣Homnil(F, F (D))∣∣∣
|AutF |
=
∣∣∣Homnil(V, V (D))∣∣∣
|Aut V |
·
∣∣∣Homnil(T, T (D))∣∣∣
|Aut T |
.
This implies
(15)
∑
r,d
I
+,coh
D,nil (r, d)w
rzd =
∑
r,d
I
+
D,nil(r, d)w
rzd ·
∑
d
I
+,coh
D,nil (0, d)z
d.
Similarly to the second equality of Theorem 4.3 (observe that the number of absolutely inde-
composable torsion sheaves of degree d > 0 is |X(k)|), we obtain
∑
d≥0
I
+,coh
D,nil (0, d)z
d = Exp
 [X ]
q − 1
∑
d≥1
zd
 = Exp( [X ]
q − 1
·
z
1− z
)
.
This equation together with equations (14), (15) imply∑
r,d
I
+
D,nil(r, d)w
rzd =
∑
λ
(−q
1
2 )(2g−2−l)〈λ,λ〉Jλ(z)Hλ(z)w
|λ|.

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